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Example 2 (67%(n — K)s’z ~ x*(n — K)). To prove:
o2 n — K)shy ~ (0 — K)
we need to following two facts:

(i) If random vector x ~ N(0,I,) and A is idempotent matrix, then
x'Ax ~ x*(rank(A)), where rank(A) is the degree of freedom of this
chi-square distribution.

(ii) For an idempotent matrix M, we have: rank(M) = trace(M).

Proof. Assume we have known these two facts, let’s begin to prove it:
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Notice that:

(I, — P)XB+ Me = (I, - X(X'X) ' X)X+ Me = Me



Hence,

By fact (i), we can assert that: 072(n— K)s¥p ~ x*(rank(M)), now we need
to show: rank(M) = n — K. By fact (ii), we need to show: trace(M) =
n— K.

trace(M) = trace(I, — X (X'X) ' X")
= trace(l,) — trace(X (X' X) ' X")

As trace(AB) = trace(BA), hence

trace(M) = n — trace((X'X) ' X'X)
=n—K



