Example 1 (Funny property). If U®;A; = M (universal set), then each
A € A

Proof. Say By,... ¢ A, whereas Cy,--- € A, then U®, B; = M\(U2,C;) €
A. Contradiction yields. O

Example 2 (Non-uniquness of o-algebra). Notice that for a given set M,
the o-algebra on M is not unique. P(M) and {M, ()} are o-algebras on M.

Example 3 (Half-interval in 2-dimensional space). This example aims to
demonstrate half-interval in a 2-dimensional space. Consider

10,1]: {zeR*: 0 <2 <1}

b=(1,1)

A\

Figure 1: 2-dimension half interval

a = (0,0)

Example 4. Besides |a, b], there are also other intervals considered to be
Borel set.

(i) R is a Borel set.

Proof. 1t’s clear that | —oo,n] for n = 1,2,... is Borel set. Then, from
the fact that B is a o-algebra on R, we can conclude:

R=Uy,]—o0,n]e€B.

(ii) {a} for all @ € R is a Borel set.
Proof. Let A, =|a — %, a] € B, then U2, A, = {a} € B. O
(iii) [a,b] for all —oo < a < b < oo is a Borel set.
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Proof. (a,b],{a} are Borel sets, therefore [a,b] = (a,b] U {a} is a Borel
set. [

Example 5 (A m-system needs not to be a c-algebra.). Let M = {1,2}.
Clearly, {(Z), {1}} is a m-system, but it fails to be a o-algebra.

Example 6 (max{U,V} can be a simple function). If U,V € S, then
max{U,V} and min{U,V} € S,.

Proof. Intuitively thinking, max{U,V} should admit finite value and is a
nonnegative function as well.
Now we give a formal proof. First, assume U(z) = > a;la,, V(z) =
i=1

m

> Bilp,, where A; are disjoint and U} ; A; = M, same for B;. Notice that:

Jj=1

Ux) = ZailAi
i=1
= Z Oéilu;.n:l(AmBj)
i=1

n m
= E Q; § lAiﬂBj
=1 7=1
= E OCz‘lAmBj-
i’j

Same argument,

V(z) = Z Bilang,
Y]

Therefore,

max{ f, g} = Zmax{ai,ﬁj}lAmBj S
1]



